ON NEW GENERAL INTEGRAL INEQUALITIES FOR 
QUASI-CONVEX FUNCTIONS AND THEIR APPLICATIONS 



IMDAT I§CAN 



Abstract. In this paper, we derive new estimates for the remainder term of 
the midpoint, trapezoid, and Simpson formulae for functions whose derivatives 
in absolute value at certain power are quasi-convex. Some applications to 
special means of real numbers are also given. 



1. Introduction 

Let / :/ cR->Rbea convex function denned on the interval / of real numbers 
and a, b s / with a < b. The following inequality 

f(a) + f(b) 



(1.1) 



/ 



< 



1 

b~ 



f(x)dx < 



holds. This double inequality is known in the literature as Hermite-Hadamard 
integral inequality for convex functions. See [TJ [3J HI HI [Zl H]) the results of the 
generalization, improvement and extention of the famous integral inequality (|1.1[) . 

The notion of quasi-convex functions generalizes the notion of convex functions. 
More precisely, a function / : [a, b]— > R is said quasi-convex on [a, b] if 

f(tx + (l-t)y) < sup {/(a), /(!/)}, 

for any x,y 6 [a,b] and t G [0,1] . Clearly, any convex function is a quasi-convex 
function. Furthermore, there exist quasi-convex functions which are not convex 
(seed). 

The following inequality is well known in the literature as Simpson's inequality . 
Let / : [a, b] — > R be a four times continuously differentiable mapping on (a, b) 
and ||/^|| = sup |/^ 4 ^(a;)| < oo. Then the following inequality holds: 

x£ (a, 6) 



/(«) + fib) 



2/ 



a + b 



1 



f{x)dx 



< 



1 

2880 



f(4) 



{b-af 



In recent years many authors have studied error estimations for Simpson's in- 
equality; for refinements, counterparts, generalizations and new Simpson's type 
inequalities, see |2l 151 IT0 | fTT | H3] 
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In [7], Ion introduced two inequalities of the right hand side of Hadamard's type 
for quasi-convex functions, as follow: 

Theorem 1. Assume a, b S R with a < b and f : [a, b]— >R is a differ entiable 
function on (a,b). If |/'| is quasi-convex on [a,b], then the following inequality 
holds true 



(1.2) 



f(a) + f(b) 



1 



b- 



f{x)dx 



< b —^snp{\f'(a)\,\f(b)\}. 



Theorem 2. Assume a, b € R with a < b and f : [a, b]— >R is a differ entiable 
function on (a,b). Assume p 6 R with p > 1. If\f'\ p ^ p 1 ' is quasi-convex on [a, 6], 
then the following inequality holds true 
(1-3) 



f{o) + f{b) 



b — a 



f(x)dx 



< 



b — a 



2(p- 



=^fa{\n*)\*,\rQ>)\*})' 



In [3] , Alomari et al. established some new upper bound for the right -hand side 
of Hadamard's inequality for quasi-convex mappings, which is the better than the 
inequality had done in [7]. The authors obtained the following results: 

Theorem 3. Let / :Jcl->Mfca differentiable mapping on 1° such that 



f £ L[a, b], where a, b E I with a < b. If 
p > 1, then the following inequality holds: 

b 

f(x)dx 



/(«) + f(b) 



1 



b — a 



< 



(1.4) 



4(p+l) 



sup ■ 



i//< 



is an quasi-convex on [a,b], for 



sup 



Theorem 4. Le£ / : 1° C R — > R 6e a differentiable mapping on 1°, a, b 6 7° wif/i 
a < b. If \ f'\ q is an quasi-convex on [a,b], for q > 1, i/iera f/ie following inequality 
holds: 



f(a) + f(b) 



1 



b — a 



f{x)dx 



< 



b — a 



sup 



(1.5) 



sup 



!/'(«)! 



In this paper, in order to provide a unified approach to establish midpoint in- 
equality, trapezoid inequality and Simpson's inequality for functions whose deriva- 
tives in absolute value at certain power are quasi-convex, we need the following 
lemma given by Iscan in [5]: 

Lemma 1. Let / : I C K — > W be a differentiable mapping on 1° such that f £ 
L[a.b], where a,b € I with a < b and a, A £ [0,1]. Then the following equality 
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holds: 



(1.6) A (af(a) + (1 - a) f(b)) + (1 - A) f(aa + (1 - a) &) - 



f(x)dx 



(b-a) 



l-a 



(t - aX) f (tb + (1 - t)a) dt 



+ / (t-l + X(l-a))f'(tb+(l-t)a)dt 



l-a 



2. Main results 

Theorem 5. Let / : J C ffi — > R &e a differ entiable, mapping on 1° such that 
f € L[a, 6], where a,b € 1° with a < b and a, A £ [0, 1]. J/ |/'| 9 is quasi-convex on 
[a,b], q>\, then the following inequality holds: 



(2-l)< 
where 



A (a/(a) + (1 - a) /(&)) + (1 - A) /(aa + (1 - a) b) - 

(b - a) (7 2 + u 2 ) A« "A < 1 - a < 1 - A (1 - a) 
(b - a) (7 2 + m) a A < 1 - A (1 - a) < 1 - a 
(b - a) (-y-y + v 2 ) A? 1 - a < a\ < 1 - A (1 - a) 



6-, 



f{x)dx 



7i = (1 - Q ') 



aA — 



(l-a) 



7 2 = ( aX ) - 7i 



?' 2 



i-(i-«r 



1 + (1 - a) 



a [1- A (l-a)], 

(A + l)(l-a) [l-A(l-a)], 



and 



^ = sup{|/'(a)|M/'(6)| 9 } 



Proof. Suppose that q > 1. From Lemma Q] and using the well known power mean 
inequality, we have 



A (af(a) + (1 - a) f(b)) + (1 - A) /(aa + (1 - a) b) 



1 



b — a 



f(x)dx 



< (b-a) 



< (b-a) 



l-a 1 

|i-aA||/'(t& + (l-i)a)|cft+ / |t - 1 + A (1 - a)| \f (tb + (1 - t)a)\ dt 

l-a 

1- 







'l-a 



'l-a 



\t — aA| dt 



\t-aX\\f (tb + (1 - t)a)\ q dt 
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(2.2) 



J \t-l + X{l-a)\dt\ I J 

\l — a / \1— a 



\t - 1 + A (1 - a) | \f (tb + (1 - t)a)| 9 eft 



Since \f'\ 9 is quasi-convex on [a, b], we know that for t 6 [0, 1] 
|/' (t6+(l-<)a)| 9 <sup{|/'(a)|M/'(6)| 9 }, 
hence, by simple computation 



(2.3) 



\t - a\\dt = 



7 2 , a\ < 1 — a 
7i) c*A > 1 — a 



(2.4) 



|t-l + A(l-a)|dt = 



Ui, 1 - A (1 - a) < 1 - a 
i>2, 1 — A (1 — a) > 1 — a 



Thus, using (|2.3[) and (12.41) in (|2.2[) . we obtain the inequality (|2. 1|) . This completes 
the proof. □ 

Corollary 1. Under the assumptions of Theorem^ with q = 1, the inequality 
reduced to the following inequality 

b 

A (af(a) + (l-a) f(b)) + (1 - A) f(aa + (1 - a) b) - - J- / /(x)dx < 

o - a J 

a 

(b - a) ( 72 + v 2 ) sup {\f'(a)\ , \f'(b)\} aX < 1 - a < 1 - A (1 - a) 
(&-a)(7 2 + «i)sup{|/'(a)|,|/'(&)|} aA < 1 - A (1 - a) < 1 - a , 
(b - a) ( 7l + v 2 ) sup {\f'(a)\ , |f 1 - a < aA < 1 - A (1 - a) 

where where r y 1 , 7 2 , t>i and t>2 are defined as in Theorem^ 

Corollary 2. Under the assumptions of Theorem^ with a = \ and A = i, /rom 
the inequality \2.1\l we get the following Simpson type inequality 

b 



f(a) +4/ 



a + b 



f(b) 



1 



b — a 



f(x)dx 



< (b-a) 



sup{|/'(a)|M/'(6)| 9 } 



Corollary 3. Under the assumptions of Theorem [3| with a = \ and A = OJrom 
the inequality \2.1\l we get the following midpoint inequality 

b 

'" " a sup{|/»N/W}. 



/ 



1 



b — a 



f{x)dx 



< 



Corollary 4. Under the assumptions of Theorem^ with a = \ and A = 1,/rom 
the inequality \2.1\) we get the following trapezoid inequality 

b 



f(a) + f(b) 



1 



b-. 



f(x)dx 



< ^sup{|/'(a)|M/'(6)r}. 
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which is the same of the inequality ll.2\) for 5=1. 

Using Lemma Q] we shall give another result for convex functions as follows. 

Theorem 6. Let / : J C M — >W be a differentiable mapping on 1° such that 
f G L[a, b], where a, b G 1° with a < b and a, A G [0, 1]. If \ f'\ q is quasi-convex on 
[a, b], q > 1, then the following inequality holds: 
(2.5) 



A (af(a) + (1 - a) f(b)) + (1 - A) f(aa + (1 - a) b) - 



1 



b — a 



f{x)dx 



<{b-a) 



p+1 



A" < 



(1 - a)* sf + a«ef 

(1 - a)* ef + a^ef 

i I i i 
(1 - a)« e| + a'ef 



, aA < 1 - a < 1 - A (1 - a) 
, aA < 1 - A(l - a) < 1 - a 
, l-a<aA<l-A(l-a) 



where 



^ = sup{|/'(a)|M/'(6)| 9 } 



Ex = (a\) p+1 + (1 - a - aA) p+1 , e 2 = (aAf +1 - (aA - 1 + a)^ 1 , 
£3 = [A (1 — a)} p+1 + [a - A (1 - a)] p+1 , e 4 = [A (1 — a)} p+1 - [A (1 - a) - a} p+1 



\p+i 



\P+1 



and 



P 9 



= 1. 



Proof. From Lemma [5] and by Holder's integral inequality, we have 



A (af(a) + (1 - a) f(b)) + (1 - A) f(aa + (1 - a) 6) 



b — a 



f(x)dx 



ri—a 1 

; (6 -a) J \t-aX\\f (tb+(l-t)a)\dt+ J \t - 1 + A (1 - o)| \f (tb + (1 - t)a)\ dt 

1-a 

l l 
f\— a. \ p /l— a 

; ( fc-„i<{ | / |t - aA| p J I J \f'(tb+(l-t)a)\ q dt 



(2.6) + / \t-l + X{l-a)\ p dt 



\f {tb + (1 - t)a)\ q dt 



\l-a 



Since \f'\ q is quasi-convex on [a, b], for a G [0, 1], we get 



(2.7) 



|/' (ft + (1 - t)a)\ q dt = (l- a) sup {|/»| 9 , \f'(b)\ q } 
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Similarly, for a G [0, 1], we have 



(2.8) 

By simple computation 

l-a 



\f (tb + (1 - t)a)\ q dt = a sup {\f'{a)\ q , \f\b)\ q } 



(2.9) 

and 
(2.10) 



\t - a\\ p dt 



\t-l + X{l-a)\ p dt 



( " A)P+1+ ^ + T" aA)P+1 ^ «A<l-a 
i^r +1 -U-^) p+ \ aX >l-a 



W i- a r'+[ a -A(i- a)1 ^' | l-a<l-A(l-a) 
[Ad-aF+'-Vd-a)-,]^' l- a >l-A(l-a) 

p+l ' _ v ; 



thus, using (I2.7[) - (|2.10[) in (|2.6[) . we obtain the inequality (|2.5[) . This completes the 
proof. □ 

Corollary 5. Under the assumptions of Theorem^ with a = ^ and A = i, /rora 
i/ie inequality \2.5}) we get the following Simpson type inequality 

b 



/(«) + 4/ 



a + b 



f(b) 



1 



b — a 



f{x)dx 



< 



b-a /1 + 2P+ 1 



6 \3(p+l] 



(sup{|/'(a)|M/'(6)r}) 



Corollary 6. Under the assumptions of Theorem^ with a = | and A = 0, fr> 
the inequality \2. 5)) we get the following midpoint inequality 

b 



f 



a + b 



1 



b-, 



f(x)dx 



< 



b~a 1 



P 



-\ ( B up{|/'(o)|M/'(6)| 9 }) 



Corollary 7. Let the assumptions of Theorem^ hold. Then for a = 5 and A = 1, 

from the inequality \2. 5\) we get the following trapezoid inequality 



/(<*) + /(&) 



b — a 



f{x)dx 



< 



b-. 



P+l 



(sup{|/'(a)|M/'(6)| 9 })^. 



Theorem 7. Let / :/ ci-)Mfca differentiable mapping on 1° such that 
/' G L[a, b], where a, b G 1° with a < b and a, A G [0, 1]. If \f'\ q is quasi-convex on 
[a,b], q > 1, then the following inequality holds: 
(2.11) 

b 

A (af(a) + (l-a) /(&)) + (1 - A) /(aa + (1 - a) b) - -1- 

— 1 



f(x)dx 



<(b~a) 



INTEGRAL INEQUALITIES 



P + l 



(l-a)«B«ef + a*C*e\ 



(1 - aY« B " e[ +a«ch% 
(l-a)«B«e| +a«Cse| 



, aA < 1 - a < 1 - A (1 - a) 
, aA<l-A(l-a)<l-a 
, 1 - a < aA < 1 - A (1 - a) 



where 



B = sup{\f'(a)\ q ,\f(aa + (l-a)b)\ q } : 
C = sup{|.n&)|M/'( a a+(l-a)6)| 9 }, 

, i + - = 1, and ex) £ 2, £3, £4 numbers are defined as in Theorem^ 

Proof. From Lemma [T] and by Holder's integral inequality, we have the inequality 
(|2.6j) . Since \f'\ q is convex on [a, 6], for all t € [0, 1] and a £ [0, 1) we get 

I/' (to + (1 - 1) [«o + (1 - a) b])\ q <B = sup {\f(a)\ q , \f(aa + (1 - a) b)\ q } 

then 
(2.12) 

(l — a)b-\-aa 



\f (to + (1 - t) [aa + (1 - a) dt 



By the inequality (I2.12|) . we get 



\f {tb+{l-t)a)\ q dt = (I -a) 



(l-a)(b-a) 



\f'(x)\ q dx<B. 



(l-a)Haa 



(l-a) (6 -a) 



\f'(x)\ q dx 



(2.13) 



< (l-a)R 



The inequality (|2.13p also holds for a = 1 too. Since \ f'\ q is convex on [a, b), for all 
f e [0, 1] and a 6 (0, 1] we have 

I/' (tb + (1 - t) [aa + (1 - a) 6])| 9 < C - sup {|/'(6)| 9 , |/'(aa + (1 - a) 6)| 9 } 

then 
(2.14) 

1 b 

/ 1/ (£6 + (1 - t) [aa + (1 - a) b])\ q dt = 1 f \f (x)\ q dx < B. 

J a{b-a) J 

(l-a)b+ota 

By the inequality (|2.14p . we get 



\f {tb + (1 - t)a)\ q dt = 



a (b — a) 



\r {x)\ q dx 



(l—ot)b-\-aa 



(2.15) 



< aC. 



The inequality (j2~l"5) also holds for a = too. Thus, using ([2"1?]) , ([2~Tu]) . ([2~T3|) and 
(12.151) in (I2.6P , we obtain the inequality (|2.1ip . This completes the proof. □ 
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Corollary 8. Under the assumptions of Theorem^ with a = \ and A = |, from 
the inequality 12.11)) we get the following Simpson type inequality 



m +4/ 



a + b 



f(b) 



b — a 



f(x)dx 



< 



b-a ( 1 + 2P+ 1 \ * 



12 \3(p+l) 



sup 



/'(- 



!/'(«)! 



sup 



Corollary 9. Under the assumptions of Theorem^ with a = | and A = 1, /)"' 
i/ie inequality 112.11)) we get the following trapezoid inequality 



/(«) + f(b) 1 



b — a 



f(x)dx 



< 



b — a 



4(p+l 



,i/p 



sup 



,i/»r 



sup 



which is the same of the inequality (J.^p . 

Corollary 10. Under the assumptions of Theorem^with a = \ and A = 0, from 
the inequality i2.11)) we get the following midpoint inequality 



I 



a + b 



b-. 



f(x)dx 



< 



4(p+l) 



i/p 



sup 



sup 



!/'(«)! 



which is the better than the inequality in [TJ Corollary 8] . 

3. Some applications for special means 

Let us recall the following special means of arbitrary real numbers a, b with a b 
and a £ [0, 1] : 

(1) The weighted arithmetic mean 

A a (a, b) := aa + (1 - a)b, a,b 6t. 

(2) The unweighted arithmetic mean 

. , a + b , „ 

A (a, 6) := —I—, a, b e R. 



(3) The weighted harmonic mean 
H a (a, b) : 



a 1 — a 

- + — r~ 

a b 



a, b e K\ {0} 
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(4) The unweighted harmonic mean 
H(a,b) :=™- 



(5) The Logarithmic mean 

L(a,6):=-4^f- 
in o — in a 

(6) Then n-Logarithmic mean 
, b n+1 - a n+1 

L n [a,b) 



a,b G K\ {0}. 



, a, b > 0, a b 



(n + 1)0 -a) 



, n G N, a, b G R, a ^ b. 



Proposition 1. Let a, b £ R with a < b, and neN, n > 2. Then, for a, X G [0, 1] 

and g > l,we have the following inequality: 

\XA a (a", 6") + (1 - A) A" (a, 6) - L™ (a, b)\ 

n(b- a) (j 2 + v 2 ) aX < 1 - a < 1 - A (1 - a) 
n(b- a) (j 2 + vi)E^ aA<l-A(l-a)<l-a , 
n(b- a)(-/ 1 +v 2 )E* I - a < aX < 1 - X(l - a) 



< 



where 



'} 



S = sup{|a| (n " 1) M6| ( "" Jl ' i ' 
7l> 72) w i cma ' u 2 are defined as in Theorem^ 
Proof. The assertion follows from Theorem [5J for f{x) = x n , x G 



□ 



Proposition 2. Let a, b G M wii/i a < b, and nel, n > 2. Then, for a, X G [0, 1] 

and g > l,tye raaue f/ie following inequality: 



\XA a (a", 6") + (1 - A) A™ (a, 6) - L™ (a, 6)| < (6 - a) 



1 



p + 1 



x < 



(l-a)« F«£f + a«G«£f 
(l-a)« F«ef +aiG^e| 
(l-a)« F«e| + a«G ! «ef 



aX < 1 - a < 1 - X(l - a) 
aA<l-A(l-a)<l-a 
l-a<a<A<l-A(i-a<) 



where 



F 



sup • 



{| |( n - X) MA, (a,fe)| ( - 1)9 }, 
G = sup { |6| Cw - 1)ff , IA, (a, 6)| Cw - 1)ff } , 



i + i = 1, and £i, £2, £3, £4 numbers are defined as in Theorem® 
Proof. The assertion follows from Theorem [3 for f(x)=x n , i£l 



□ 
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Proposition 3. Let a, b 6 E with a < b, ^ [a, 6] . Then, for a, A 6 [0, 1] and 

g > 1, we /lave i/ie following inequality: 

| AH" 1 (a, 6) + (1 - A) A" 1 (a, 6) - L" 1 (a, 6) | 

{{b - a) (7 2 + v 2 ) kS aA<l-a<l-A(l-a) 
(6- a) (7 2 aA<l-A(l-a)<l-a , 
(6 - a) ( 7l + u 2 ) if 5 l-a<aA<l-A(l-a) 

where 

K = svLp{a- 2q ,b- 2<1 } , 
7ii 72) w i; an d v 2 are defined as in Theorem^. 

Proof. The assertion follows from Theorem[S], for f(x) — -, x S (0, oo) . □ 

Proposition 4. Let a, 6 € R wii/i < a < 6. Then, for a, A G [0, 1] and q > 1, we 
have the following inequality: 

(a,b) + (1 - A) A' 1 (a,b) - L~ x (a,b)\ < (b - a) 

aX < 1 - a < 1 - X(l - a) 

aX < 1 - A(l - a) < 1 - a , 

1 - a < aA < 1 - A(l - a) 
w/iere 

M = sup{a- 29 ,A Q (a,&r 2 "}, 

iV = sup{6- 2 «,A Q (a,fe)- 29 }, 
i + i = 1, and £i, E2, £3, and £4 are defined as in Theorem^ 
Proof. The assertion follows from Theorem[71 for f(x) = i, x S (0, 00) . □ 
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